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DUAL ADAPTIVE CONTROL BASED UPON SENSITIVITY FWCIOS .-.

J. A. Holusis, P. ookerec., Y. Bar-Shalom

Dept. of Electrical Engineering & Computer Science
The University of Connecticut

Storrs, CT 06268

ABSTRACT based upon a first order Taylor series expansion of the
expected future cost and is called the first order dual

A new adaptive dual control solution is presented (POD). It offers same improvement over the non dual
for the control of a class of multi-variable input- cautious control based upon a one-step criterion. The
output systems. Both rapidly varying random parameters results are based upon a simulation model with constant
and constant but unknown parameters are included. The but unknown parameters. Although the dual control of-

- new controller modifies the cautious control design by fare some improvement over the cautious controller the
numerator and denominator correction terms. This con- Improvement is not significant for most practical ap-
troller is shown to depend upon sensitivity functions plications where the system contains constant parameters IL
of the expected future cost. A scalar example is pre- and the objective is to control in steady state opera-

- sented to provide Insight into the properties of the tion. However, for random parameter variations, dual
new dual controller. Monte-Carlo simulations are per- control can sometimes offer significant improvement
formed which show improvement over the cautious con- over non-dual controllers [5,9]. The POD of [1,21 is

* troller and the Linear Feedback Deal Controller of attractive due to its simplicity (it is comparable to
- [1] and (2]. the cautious control design in algorithm complexity sad

I IAWIdoes not require numerical search). The objective of
1. INTRODUCTION the present study is to evaluate the cautious control-

Muti-variable systems which are characterized by ler and the POD for large random parameter variations
uncertain parameters with large random variations are a modeled as a random walk. Monte-Carlo simulations are
difficult challenge for most control design techniques. performed and conditions quantified under which the
The assumed randonness of the parameter variations dual controller offers significant improvement over a
often precludes the use of gain scheduling (non adapt- non-dual cautious controller.

. ive) control design. Stochastic adaptive control The POD, although offering a reduction in the aver-
theory provides a principal design approach for system age cost, is found to be unacceptable in many cases.
of this type. Exact solution of the stochastic prob- This is attributed to the sensitivity of the expected

Sleam with unknown parameters requires solution of the future cost whenever the system is characterized by
Stochastic Dynamic Programming equation and this is not limited controllability. A second order expansion of
feasible for practical implementation. The solution is the linearization procedure of [1,2] is presented to
known to have a dual effect (1,21 that can be used to account for this sensitivity. This new second order
enhance the real-time identification of system paramet- dual controller (SOD) inherently includes a robustness
era as well as provide good control. property in that the controller accounts for sensiti-

Many suboptimal dual solutions have been suggested vity of the expected future cost due to parameter esti-
11,2,5-11]. The various approaches which have incor- mtes and their uncertainty. Simulations are presented
porated this dual property can be loosely divided into which show the improvement of the SOD over the cautious
two classes. In the first class [5-81, the optimal controller and the POD. This SOD uses a Newton type
control problem is reformulated to consist of a one- search procedure and is developed for multi-variable
stop ahead criterion to be minimized, augmented by a systems. One of the main advantages of the SOD pre-
second term which penalizes the cost for poor identifi- sented herein is that it modifies the cautious control-
cation. This approach is attractive due to the analy- let with a numerator "probing" term and a denominator
tical tractability of the solution; however, the solu- correction term. Although the SOD is still considered
tion is based on a one-step criterion and does not too complex for practical Implementation, the structure
fully exploit the dual property of a multi-step solu- of the control solution is in a form which permits
tion. Padilla and Cruz (14] give a dual control solu- practical design changes to the cautious controller to
tion for such a plant by minimizing the control object- include the dual properties.
ive function subject to an upper bound in the total Section 2 gives the problem formulation. The ap-
estimation cost. Their objective function includes a proximate dual controller for the multi-variable nput-
standard control objective function and ales a second output system is developed in Section 3. Section 4
constraint term which reflects the sensitivity of the analyses this dual controller for a scalar example with
parameters to the state of the system. Thus the solo- one unknown parameter. Section 5 concludes the paper.
tion adjusts itself to exercise better estimation for
such sensitive parameters within the upper bound. The 2. PROBLEN FORMULATION

second class [9-111 utilizes the stochastic dynamic The ultivariable system under investigation is
programing equation directly and perform linearisa- x(k+l) - €(k) + B) u(k) (2.1)
tion of the future coat in order to obtain a solution.
Previous control solutions among this second -lass re- where c(k) Is an unknown vector and R(k) is a matrix of
quire a numerical search procedure which poses diffi- unknown parameters. The unknown elements of cCk) and
culties for a practical solution for on-line control 3(k) are denoted as 0(k) with covarlance matrix P(k).
for multivariable systems. These are represented by a discrete random model

The linear feedback dual controller of 11,23 is 8(k+) - AS(k) + v(k) (2.2)*Supported by NASA Aems Pssearch Center Grant MAC 2- v
213; Y. Bar-Shalom was aelo supported from Air Force (v(k)u-O an I ( v'( V "(2.2"
Office of Scientific Research Grant AFOGA 80-0098. 64 J 0 24

Approved for public release .
distribution unlimited.
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The measurement equation ise As discussed In [11 and [21 3 Q 1 ,' is -a nonlinear

y(k) - x(k) + w(k) (2.4) function of the parameter estimates 0(1). and covariancas
P(1) and thus a linearization was performed. In [I] a

where scalar formulation was presented and a first order Iln-
E~w~).) 0 nd Ew~kw'CJ) -earization was perormed about the nominal parameter

kj (2.5) estimate squared (0(O))2 and nominal covariance F(l).
E(w(k)v'(j).) - Also in (1,21 the vector case was presented and linear-

izat ion to first order performed. To mor* accurately
and x(k), y(k). being n dimensional vectors. The control account for the dual effect asecond order Taylor Series
criterion to be minimized is the expected value of the expansion Is presented about 8(0) and a first order ex-

*cost from step 0to N pension about the nominal covariance F( 1). In addition
N (as will be presented subsequently) the covariance PMl

*J(O) - E{C(0)1 - KE x'(k)Qx(k)+ u'(k-l)Ru(k-l)) will include a linearization to second order in uCO).
k-l (2.6) In (1,21, P(l) was linearized to first order. It is

where N - 2 for the two step ahead criterion, believed that linearization* to second order are nees*-
qwary to better account for the nonlinearity In ?(l) and

*3. APPROXIMATE DUAL CX)NTROLIER FOR TWO STEP CRITERION 0(l) of (3.3) and in uCO) of (3.7) and (3.8). In adai-
The minimization of (2.6) with respect to u(O) and tion a nonlinear Newton algorithm in used in the second

u(l) subject to (2.1) - (2.5) is obtained from the odrapoiain
Stocastc Dyami Prgramingeqution[12131Linearization of (3.3) about the nominal '8(1)

Stohasic ynaic rogamingequtio [1.13 -AO(O) and F(l) using the nominal ;(O) results in
J*(k) - min E{C(k)+J*(k+l)Iykl k-N-1,..., (3.1) =___

u~) l)- (.e(o), F(l)]I + [i(1) -AO(O) I
where J*(k) is the "cost-to-go" from k to N4 and Y is 30(1)
the cumulated information at time ki when the control 1 A 32 j*(l) A A

u(k) is to be determined. For N - 1, (3.1) is + V~e(l) - AeO)]' A8(1 I 6()

j (0) - min E~xI(1)Qx(l)+ut(O)Ru(O)+J*(l) ITO) (3.2) n m M a- t_
u(O) + E Z E rw (P ( - P ~(1)] (3.13)

where JA*l) is the optimal cost at the last step and is &l l j
obtained by minimization of JCN-l) for N - 2. Assuming
diagonal Q - disg(qt) this results in (1,2] where the superscript t represents the caoariance matrix

associated with the tth row of parameters and PLjl
n .t is the i-j th element of the covariance matrix

Al() =c'(l)Qc(l) + Z qP() (3.3) P(I). a being the number of unknown parameters.
L-l Using (3.6) the expected value of (3.13) is

I [cl(l)Qi(l) + ~ ~P(1)] [B'(l)QB(l) +EJ(lIT]=*l ()Fl)

+ n qt 1 l + RI (5(lQcl) E q1P5 (1)] K(l) E~(V)v'(l)IYO)K(l)I
+- E- c (13+82(1) 1)1

and n+ E z (P t (l) (1
t~)] (3.14)

n- Using (3.7), (3.8) and the innovation covariance

+ E q Pt() (3.4) E{Il ~l yo) - R(l)P t H( .l() + Wt (3.151

where (3.14) can be written asr 1
Pcl Pc ) (35) E[J*(l)IYO] - J*1l 4(0). f(l))

[PP ((1) (3n.

P(l) is the expected value of (e(1)) for time 11il ~ 9C) 3 ~l
step 2 given measurement y(l) at time step 1. The in- +.~....P l 11(.6

P(1) Is the associated param~ter covariance. i aj (1) i~
The parameter estimates 0(l) and covariances P(l)

are obtained from the Kalman filter. Since Wi is diag- The expected future cost (3.16). ig shown to be a
onal one can decouple the estimation. Then function of the predicted covariance P 1 with a

;t(l) - A; 1 (0)+AZC(l) Vt(l) (3.6) multiplier given by the sensitivity

t t i'1 and 3 (1. . Since the covarianceKt(l) - P (o)hIMl)HM(l)1(l).W t11 (3.7) a 3OZ 1l) 3 OMa (1)
P(1) - P (0) - K (l)H(l)P (0) (3.8) Pt 1 depends on the control u(O) the control has the

t LA
P t(1) - AP (l)A' +' V (.) duaal effect. It should be noted that the Importance of

the dual effect depends upon the sensitivity of the am-
where pected future cost with respect to both the covariance

V 1(l) - yt(l) - HM(O) (0) (3.10) and parameter estimate. cnb ii
T ~~~~The optimal control uCO) cnbecaI tdbmi-

14() [1 uT(0)) (3.11) mization of (3.2) using (3.16). Since Pi ()is non-

et1l B,,T linear in u(O) a numerical search procedure is required.
= c1 l)3 t 1 ) b,2..n row of 3 (3.12) This is accomplished using a second order linearization

2
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to UMO. the more important. will be the-dual effect.
Thus (3.8) is linearized to second order about the The resulting dual controller (3.19) exhibits a

control u 1 (O) * which to in the vicinity of the optimal robustness property with respect to parameter variations
control1. and uncertainty of the future cost by Including a term

which appears In the denominator of the dual controller.
Pij~~~~~lap ( 0 .SCLIZMIZ IH0)UKNNFJU

-7' t A(O I I In addition, a probing term appears in the numerator.

a2 P (1. To further understand the dual control solution a

+ i[u(O)-u1 (0)], iA u(0)-u 1 (0)) (3.17) scalar example with on* unknowin parameter b is presented.
23 u 2(0) iThe approximate dual control solution for this scalar

u (0) case using Q - 1, l a 0, is given by (3.19) - (3.21)

Teepected- future cost as given by (3. 16) and With P (1) end 0(0) being replaced by Pb( 1 ) and b(0)
* 317) is 1 uadratic In uCO) and thus a closed form respec& 4 ely.

solution u (0) is obtained by minimization of (3.2). The partials required In the control law are
The optimal dual control u*(O a o ecmue A

from (3.2) using (3.16) and (3.17). It is obtained by aj:~-. c b (0) (4.1)
solving(3.18) bb )I 1 (b (0)+Fb M)

....(x'(l)Q x(l) +. u'(0)Ru(0) + J*MlIYo) - 0 '
32Jel F -2 2  1 (l)-3b 2(0)(42

The optimal u*(0) is thus 2cl3~l b 2(-)

*( -(3['(0)QD(0) + E (q It (0) + Ft) +R () bl 0+~

L- ~2 I O~2

J(q(P)Q(O) + fE) (3.19) W- 1 2 ( (4.3)
*(ecO (+ ft)c(0 1. u- u0)I(0) 1 2

t-1b(Mu (0)4W)

*where the matrix Ft and the vector ftare

a 3 2p (l) -2() W-3P b(0Mu 1 (0) 2
Ft 2P_____2__(4.-)

3. . 2a 1)( 1 auC0)3u() 1uI(J b I 31a
3u1 (l ~O) (0) bOsu (0)4W)

____t_(_) where the nominal Z(0) and blar
~3 3u(0) ~u(0)8(0)P~l)(3.20) (0 -(4)

w(1 W ) I bA0 - 45
3u(0) 3t(0 / Iu(0)8,) usig(ata upt'2 ie.y0

~() Is ote Th expecte fuuecotbse pn h ina

ien sEac is perfrme uni intevcnt fte K{~)I 2  2 M
opt.1 J. Then (31) - ;(3.2) ar use u+i b (4.6))b(1

liea f(cton 1h gradien searc isamte usedat becaus an b r opt
theO stcatic cs i (3.2 ),~) using miniize is ao high(~e (O

order ~ ~ ~ ~ ~ ~ ~ ~~h nliersutinadtegainprcdris 41 eluatn ofuthe caoubse on telna

beornsiting toteewnmthdThe nominal evaluate usin (32wt(0) evaluated atio the316 i
frovm c (3.19) is comptd fr ozeo. 7 a a (3.11) wit nominal
ient serc u Is Thrred ensiii tperticinit (320 and E(*IIO 2b ()-_ _ A (4.81). _.

(3.21)l *of Ten oat 9 (3.1) are usete frm natil b(0 -0+b" 3b~ (1)o +EJ*

doneratis ofachlev(3.3 This itertio (3.7)ur -i(.9

evsnaluate ato' he h norminal.Thepa tio of h con- Thep(0 firs ter i IQW1 (4.8)rpeet7h)epce ota
lineare eauactio.e a in searwhch is auaed atcathe b n h eodtr n(.)rpeet h x

preoiereiu eqainadtitrdepoeuerto is pectedafutre costh at utio2usn thC aiuontrol
use a appr Ioxiate twtep aheadit dua comnrol ofe at p ie.formand usi the iu cutose cno at

b3.19re-s(3.21)ncatobehinterpetedmashadmodificationlto valu1atideusing (3.2) wi(h.8) i evaluated usinge
tcatiouse ctolle by copte erms7 -~ and1) wth doal
terms den upo The sensitivity ofarthels inrenmia (3a20g (4.1 2 ,(.)bcms

(.1ftcost J *(l) with reapect torth pa rtiarsejl~l J(0) - c2 ~ w~1&o + -*.~y~ (4.8

largeathves ofr FL end3 f nd wil be 7 sinfc- (tht9i
*teauale eft woil. e mportia Thu the sensiti- Th frser

2iC(.) rpesns h epctdcota

vitce ae intouaccont in theicontroleslutiona the 1 - 2 ~l I an h beodtr n(.)rpeet h x
srenisitito the nominal future cost due toprkte -2 (sngte4ati 9)cntd

variationpend uncetit.Telre thie sensitivity ofteftuenmna an (41) - Q4.), (4) bcoes

for all Ij an their cooiac Pt...............)c... O) c G



2.I

The last term in (4.7) is zero since P (1) evolu- 2 ____

ated at the nominal control (i.e. cautious tontrol) z j.0075 -WRJ( 3.47HT a;2(
equals P b1). The first two term In (4.9) represent b 1;0)..lR ()O-. 1
the average cost at stop k - 1 and the last three terms
represent the expected future cost at k - 2 using the aR b(l) ip b(1)
cautious control. I -382 b - 0

simple example can be used with (4.9) to demon- DUO) I I S 3u2 (O)--.6
strata when the cautious control is expected to behave u (0)--. 6
poorly.- 8 't 8 '(17

Assume a scalar example with one unknown b para-
mater and let ~~The above sensitivities '4.7weevautdi

meter and let the vicinity of tloptimal u. 1) .er evltdith~ ~0 -- 6 and? P,()-.278.
b(0) -. 05 P (O) -. 5 *a -1.0 (41) The dual control u (0) using u (0)- -.6, el
V .l W .l c 1*0).- k c±. ..-- 62(18

The expected cost at k - 1 and k *2 is computed b 2(0) + pb(0 ) + .87--.2(18

from the nominal, u(0), P,(l) and B2*()which yieldsb
-b(1 The corresponding future expected cost using (4.14)

a2 *3() and (4.17) is

U()- -.1 (1 - .57 * -hl -- 3.47 (4.11) 2{~)1
0  

*2~P~0u~
2 +(0b

.1(0) =c 2+ c 2 , c 1(4.12) Iu(0 Pb(C)u (0)44i

Thus the cautious control applied at k - 0 results ~.442 c2  cl (4.19)
in no reduction in the cost at k - 1 due to large un- Tersl fti
certainty P(l) and also no reduction in the future ex- Th euto hsexample shows that the dual
pected cost since ;(0) Is small and no Improvement in control of (4.18) reduces the expected future cost to

parmer ccuacy ccus a ste ~ 1.44Z of the original c2 with no control. The cautious
control resulted In no reduction of the future cost.

4.2 Evaluation of the Dual Controller The terms responsible f or the Improvement with dual con-
The dual controller of (3.19) -(3.21), (4.1) - trol are the second order sensitivities 32P(1) and

(4.6) can be evaluated by computing the average cost of 32j*(l)
(4.8) using the covariance 3b^(1)

__________ The dual control of (4.18) differs from the cau-
b2 +(41) tious control (4.11) by the term Ft - .87 In the danom-

PbO~(O+Winator and ft- .85 in the numerator. The denominator
term in effect provides more "caution" whereas theThe expected future coat (4.7) reduces to numerator term in an additive probing effect. The term

2 2 20 Ft provides a "robustness" property in that the aensi-
* . E{J*(l)IfO) CI c- Cq---'- tivity of the future cost to parametjr uncertainties i

b b04(1) they appear in the controller (i.e. P'(0)) are mtinimized.
ju(0) bThus a new Interpretation of the dual control is that It

%. 22 *2(0 contains robustness and learning (via probing). These
+1 3_j (1) ab(OuO concepts are applicable to the multivariable dual con-

j2 (1 pb (0)u*2(0)+W troller in (3.19) - (3.21).
b 5. SIMULATION RESULTS

2 * 2 2 -2a2?2 (0)u*2(0) aPb(O)u (0) performance was evaluated from 100 Mqnte Carlo
-i (1 b -2 (4.14) runs for the following controllers where b(O) was set

R P~ , (0) u *(0)4W p(0u().1 to b(0) with covariance P(O:1 Cautious Controller
b 2) FOD 3) SOD

and the total expected cost at k - 1 and k -2 using The above algorithms were tested for two cases:
(4.8) is a) Time varying case, b(O) - .05 PhW .

*2
J1 (0) - E{x (1) Iy01 + E{JYl) 0  (4.15) V - .1, c - 1.0, W - .01 and W - .1. a - 0.9

u*0 Cb) Constant case, with bCO) - .05, P b 0 ) - 1.0,
u()u(0) V-0, c - 1.0, W - .01 and V - .1. a - 1.0

where
2 Example a

Ex 2 (ly)Y 1Ic 2+ 2b(0)u (0)c +. Table 1 sumarizes the results of the simulation
runs. All three algorithm were tested on this ozxmle

lu (0) for two different levels of measurement noise covariance,
^2 *2 W - .01 and W - .1. 100 Monte Carlo runs were performed

+ (b (0) + P b(O))u (0) (4.16) each of 40 time steps. For each run, an average cost
was computed over 40 time steps and then the averages .-Examination of (4.14) shows that the dual control ovr10unaetbltdinTle1nd ale2

can reduce the expected future cost over the cautious The tables clear ly indicate that the SOD yields the
control sinc*Ahe last two expressions in (4.14) can be least cost. The dual effect shows a larger Improvement .

negative if u (0 2 o.Thus the dual property for larger measurement noise (i.e. V - .1). Run numbers
can have a desijable effect on the future cost. 7 and 14 of the 100 Monte Carlo runs were selected for

The cost J1 (0) is computed using the scalar exam- plotting. The cost and parameter value are plotted In
ple previously discussed for the cautious controller. Figures 1 through 4. It is evident that the second

*A search procedure Is used on (4.15) using (4.14) and order dual improves upon the other two on Lbe average.
(4.16) with the parameter values from (4.10), and u*(0) Example b
Is Iterated until in the vicinity of the minimum I hscs h reprne a ls ozr
yielding (i.e., b(0) *.05) but constant. Tsble 2 summarizes

% the result. The average cost obtained by the SOD Is

4
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such-lower then the other two.. The SOD always exhibited 13. Bertsekas, D. P.', Dyamic'ProgrsmeA mnd Stochas-
excellent convergence whereas the other controllers per- tic Control. Academic Press, NY, 1976.
formed poorly. In addition the new controller consist- 14. Padilla, C. S. and Crux, J. 5., "Senitivity Adap-
ently evoided turn of f and burst [51. This was an im- tive Feedback with Estimation Wedstribution",
portent common feature In all the Monte Carlo runs. IEEE Trans. Automatic Control, Vol. AC-23, No. 3,
Ran* 26 and 80 are plotted in Figures 5 and 6 respect- June 1978.
ively, as typical examples.

coThesimulatio study has shown that the new dual
conroler mprve@upon the cost on the average. The

magnitude of the Improvement an the average appears to W-.1, V.1, 3-.05, 1-1.0
be relatively small for the noise levels usad. However, knNme
the real advantage of the new duel controller in the 1.5 CAUTIOUS

* ~~improvement In those Instances where the cautious con--- -- PO
* troller and the POD (1,21 yields unacceptable results. P OD

Although the POD 11,21 shows improvement ovar the caut-SO
ious controfler, it has been found to be unacceptable
at many time points.

6. CONCLSION 1.0

A new adaptive dual control solution based upon theI
sensitivity functions of the expected future cost hasil
been presented. This controller (SOD) takes into ac- 8
count the dual affect batter by performing the second
order Taylor series expansion of the expected future

cost. The form of this controller is a modification of
the one step cautious controller. The POD of [1,21 didi rA
not have the denominator correction term like the pre-
sent one. This adds stability to the now control do-
sign. Simulation results of a scalar model have shown 0. A
the improvement obtained using the new dual algorithm. 0. 8. 16. 24. 32. 40.
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Ran Number 14 ham Number 26 ..-

1 ____CAUTIOUS .5- CAUTIOUS
------POD POD

SOD SOD

1.0 1.0

0. 0:
0. B. 16. 24. 32. 40. 0. 8. 16. 24. 32. 4.

TIME STEP TIM STEP OI.-
Fig. 3. Time history of cost comparing Fig. 5. Tim history of cost comparing

the SOD, POD, and the cautious the SOD, POD, and the cautious
controller (Tine varying parameter controller (ostat parameter
case: Run No. 14 from 100 case: han go. 26 from 100
Monte Carlo Fans) Monte Carlo hans).

W.,V-.1, B-.05, P-1.0 w.,v.,u.s -.

1.~~u NunNumere4r 80
1.5 CAUTIOUS

II ----- POD
0.7 -- SOD

0.2, 1.0

o.3

-1.3-
0. 8. 16. 24. 32. 743.

TIM STEP 0.
0. 8. 16. 24. 32. 40.

Fig. 4. Tim history of parameter TIME STEP
for Run No. 14 from 100
Monte Carlo hans Fig. 6. Time history of cost comparing
(Time Varying-Case), the SOD, POD, and the cautious

controller (Constant parameter
case: han No. 80 from 100
Monte Carlo hans). *,

MeasurementMesrmn
NI LneNoise Covariance AeaeCs esrmn

wCautious First Order Second Orderoe oiecvra Catious Ar t aOrdst Second Order
__________Dual Dual Duali Dual '*

.01 .475 .469 .458 .01 .109 .0871I 069I

.1 .623 .608 .514 1.1 .359 .250 .142

Table 1. Average Cost for the three controllers on the Table 2. Average Cost for three controllers on the
time varying parameter model (bO)-.O, Constant Parameter Model (bO)-.05, P (0)-1,
?b(O)*l, V--1, 4-i) V-., c-i)
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